Open Inflation With Scalar-tensor Gravity 
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The open inflation model recently proposed by Hawking and Turok is inves- 
tigated in scalar-tensor gravity context. If the dilaton-like field has no potential, 
the instanton of our model is singular but has a finite action. The Gibbons- 
Hawking surface term vanishes and hence, can not be used to make Qq nonzero. 
To obtain a successful open inflation one should introduce other matter fields or 
a potential for the dilaton-like fields. 
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Recently, Hawking and Turok [2| proposed that an open inflation can be 
obtained by the singular instanton describing quantum creation of a homogeneous 
open universe with 'no-boundary' proposal 0. Their model does not require fine 
tuning of parameters to obtain the bubble formation and, at the same time, 
the slow-roll inflation required in earlier modelsfij]. However, the HT(Hawking- 
Turok) instanton solution is singular and the physical nature of this singularity 
is still controversial [|, |, 0]. 

In this paper, we will extend their works to the case with scalar-tensor gravity. 
Since the quantum creation scenario of the universe is adequate at the Planck 
scale, it is natural to consider the extended gravity sector which is common to the 
unified theories such as supergravity, superstring and Kaluza-Klein theory ||. For 
example, recently, effective low-energy four dimensional Lagrangians have been 
obtained from spherical compactifications of string/M-theory[[|]. 

In the no-boundary quantum cosmology, the probability of creation of an 
universe is given by P oc Exp(—2Se), where Se is the Euclidean four action of 
the instanton. In the simplest version of HT's model the most probable universe 
is that with the present density parameter Q = 0. Hence, it was required to 
introduce the anthropic principle or other matter fields to obtain the nonzero 
Q . The Gibbons-Hawking surface term also contribute to Se and play a role in 
making Qq nonzero. 

We here investigate how all these facts change when we consider the instanton 
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with scalar-tensor gravity. 

Let us find the instanton solution of our model. The general Euclidean 0(4) 
symmetric metric is 

ds 2 = dr 2 + b 2 (r)dnl (1) 

where dQ 2 is the metric describing S* 3 and 6 is the cosmic scale factor. We consider 
the Euclidean four action which is given byfloU 



Se = -J V9d 4 x[^ 2 R ~ ^0^0 - U((f>) - \d^a - V(a)}, (2) 

where is a dilaton or Brans-Dicke like field and a is an inflaton field. In this 
frame couples to gravity non-minimally. For simplicity, we will set U{4>) = 0. 
Then our gravity sector corresponds to the ordinary Brans-Dicke theory after a 
conformal rescaling. In this case Brans-Dicke parameter to, which is constrained 
to be greater than 500 by experiment, is equal to l/8£. Hence, £ <C 1. 
From Se we obtain the equations of motion for b and the scalar fields 

b 2 260 1 1 2 a 2 

+ It + ^7Iti^ + ^- V ( a )l ( 3 ) 



b 2 b(j) b 2 6£0 2L 2 2 

v 360 2 1 r d 2 4 . .. 

* = - 0-TTT2£ [ + r((T)] ' (4) 

o = - 3 -^ + V'(a), (5) 



where the dots denote the derivative with respect to r and V'(a) = dV/da. The 

instanton is a solution of the above equations with boundary conditions: 

b = 0, b = 1, and = = 6" at r = and 6 = again at some later r = r/. 



Fig.l. shows numerical solutions of the equations with V(a) = m 2 a 2 , where the 
inflaton mass m = 10 13 GeV. 

It is nontrivial to show the full behaviour of the system. Hence, we will restrict 
ourselves to the monotonically increasing and then decreasing solutions where b 
increases maximally (b = 0) at r = r m and 6 = again at r = t/ as shown 
in Fig.l. Except for the first term the right hand side of Eq.(|4]) always makes 
negative contribution to 0. However, for r < r m (6 > 0) this term can give only 
damping force to 0, and < 0. For r > r m , since b < and by continuity, 
<p remains negative. Hence is a monotonically decreasing function of r and 
becomes zero at the singularity(r = 17). 

The equation for a is the same as that with Einstein gravity. So <fi can have 
an effect on a only through b(r). This implies that it is nontrivial to avoid the 
singular behaviour of the HT instanton near r = Tf, even with scalar-tensor 
gravity. Near the singular region and for the sufficiently flat potential we can 
ignore the V(a) and V'(a) dependent terms, and a goes like b~ 3 . Since 6 > 
and approaches zero near the singularity, we expect 

-^2^~ >> T' (6) 

if there is no miraculous cancellation between the terms in Eq.(|3]). 

On the other hand, from the field equations one can obtain the following 
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equation for b: 

, m b ri2 , i + ee . 2 , i-i2£ T „ „ (rA 
b = 2 J~ + TTm a + T+ui V{a)] - (7) 

In the case where ( < 1, using Eq.@ and Eq.@ the above equation reduces to 

2b 2 

(8) 

which has a solution fe(r) oc (ry — r)a like in the HT instanton. With Eq.(|5]) this 
implies cr(r) oc Zn(r/ — r). 

With the metric in Eq.([l|) and the 0(4) symmetric fields, Se is given by 

S E = n 2 J dr{b 3 [^- + y + V»] + 6^0 2 (&& 2 + b 2 b - b)}, (9) 

where we have inserted R = —6b~ 2 (bb + b — 1) into the equation and the inte- 
gration was taken over the half of S 3 . Using Eq.(|3|) in Eq.(|9|) and integrating by 
parts, we obtain 

Se = it 2 jT dr(b 3 V(a) - 6^ 2 b) + 27r 2 £(& 3 )0 2 | T=T/ , (10) 



where the last term should be canceled by the Gibbons-Hawking surface termflTT 
In the approximation of constant fields (<f) = 0o> a — °o) an d the 0(5) symmetry 
(b(r) ~ Hq 1 Sin(H r)) , the integration yields the usual factor, 
-127r 2 Mp(0 o ) 4 /^(<x o ). Here M p (0 o ) = (2£0 2 )5 is the reduced Planck mass cor- 
responding to 0o and Hq is the corresponding Hubble parameter. The quantities 
with the subscript are the values at r = 0. If we consider only the first term 



in Se, it has a minima at <jq = and the most probable universe is that with 
tt = 0. 

Near the singularity, since 6(r) oc (t/ — r)s, the integrand in Eq.([H]) does 
not diverge and gives finite contribution to the action. Since goes to zero as r 
approaches t/, the surface term vanishes and can not be used to shift the minima 
of Se and to get nonzero Qq. Therefore, the Euclidean action of the instanton is 
finite. 

What is the role of the four-form field F^px in our model? Since the role of 
the four-form fields is to give a constant contribution to the cosmological constant 
and the energy momentum tensor, the generic behavior of the other fields does 
not change. 



Adding 



S F = J d^x^F^F^ (11) 



into Se, one can get 



where F 2 = F^ pX F^ x . 

However, one must add a total divergence term to obtain a stationary action 
under variations where the four-form is fixed on the boundary. This term can 
cancel the F 2 term|2|, |], [12|, |13 |. So, including the four-form field one can not 



obtain the desired Qq value. But, the field can play a role in the cosmological 
constant problem. 



The vanishing of at the singularity means that the effective gravitational 
constant diverges there and we could not ignore non-perturbative effects or higher 
order terms, if our theory is a low energy effective one of some fundamental theory. 
Hence, it might be necessary to consider the effects of nonzero U (<p), higher order 
correction terms, and other matter fields 0, [14], [15|, [U| . 



In summary, in the context of the Brans-Dicke like gravity, we found the finite 
action instanton which is singular and has a vanishing Gibbons-Hawking surface 
term. Similar to HT's model, our model requires additional matter fields or a 
dilaton potential to obtain a successful open inflation. 

After completion of this paper, we became aware of a related work in the 
Einstein frame in]. Authors are thankful to Dr. Minho Lee and Dr. Hyungchan 



Kim for useful discussions. We are also thankful to Prof. A. Linde who pointed 
out us that the four-form field can not play a role in making Q nonzero in our 
model. This work was supported in part by KOSEF. 

Figure Caption 

Fig.l Numerical solutions of the field equations with ( = 5 x 10~ 5 . The scale of 
b(r) is reduced by 50. The mass unit is the reduced Planck mass at present. 



7 



References 

[1] S.W. Hawking and N. Turok, Phys. Lett. B425, 25 (1998). 
[2] S.W. Hawking and N. Turok, |riep-th/9803156 . 



[3] J.B. Hartle and S.W. Hawking, Phys. Rev. D28, 2960 (1983). 

[4] M. Bucher, A.S. Goldhaber, and N. Turok, Phys. Rev. D52, 3314 (1995); 
K. Yamamoto, M. Sasaki and T. Tanaka, Astrophys. J. 455, 412 (1995). 



[5] A. Vilenkin, |hep-th/98030H4] W. Unruh, |gr-qc/98U3U5H| ; Z.C. Wu, [hep 



th/9803121t S. W. Hawking and N. Turok Jgr^qc/9802062 



[6] A. Linde, |gr-qc/9802038| . 



[7] R. Bousso and A. Linde, |gr-qc/ 980305^ . 



C.G. Callan, I.R. Klebanov, M.J. Perry, Nucl. Phys. B278,78 (1986); Frad- 
kin, A.A. Tseytlin (Lebedev Inst.), Phys. Lett. B158, 316 (1985) 



[9] M.S. Bremer, M.J. Duff, H. Lu, C.N. Pope, K.S. Stelle, |hep-th/980705l 



[10] F. S. Accetta and P. Romanelli, Phys. Rev. D41, 3024 (1990). 

[11] GW. Gibbons and S.W. Hawking, Phys. Rev. D15, 2752 (1977). 

[12] S.W. Hawking, Phys. Lett. B 134, 403; M. Duff, Phys. Lett. B 226, 36. 

[13] M. Duncan and L. Jensen, Nucl. Phys. B 336, 100. 



[14] J. Garriga, |hep-th/98032TU 



[15] J. Garriga, |hep-th/9804i06 



[16] G. Lavrelashvili , |gr-qc/9804056 . 



[17] P. Saffin, A. Mazumdar and E. Copeland, frep-th/ 9805032 



9 




i i i i i i r 
200 400 600 800 1000 1200 1400 1600 



x 



